SOLUTION OF THE ILL - POSED CAUCHY PROBLEM FOR MATRIX FACTORIZATION OF THE HELMHOLTZ EQUATION 
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Abstract. The article investigates the ill-posed Cauchy problem for the matrix factorization of the Helmholtz equation in a three-dimensional unbounded domain. By employing the Carleman matrix method, a regularized solution framework is developed to address instability and sensitivity to data perturbations. The study provides explicit integral representations, stability assessments, and parameter selection strategies that ensure convergence and robustness of the solution. 
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Аннотация. В статье исследуется некорректная задача Коши для матричной факторизации уравнения Гельмгольца в трёхмерной неограниченной области. С использованием метода матрицы Карлемана разработана схема регуляризации решения, направленная на преодоление неустойчивости и чувствительности к возмущениям исходных данных. Представлены явные интегральные представления, проведена оценка устойчивости и предложены стратегии выбора параметров, обеспечивающие сходимость и устойчивость решения. 
Ключевые слова: некорректные задачи, регуляризация задачи Коши, уравнение Гельмгольца, матрица Карлемана, интегральная формула. 
Annotatsiya. Mazkur maqolada uch o‘lchovli cheksiz sohada Gelmgolts tenglamasining matritsali faktorizatsiyasiga oid noto‘g‘ri qo‘yilgan Koshi masalasi tahlil qilinadi. Karleman matritsasi metodidan foydalanish asosida masalaning beqarorligi hamda kirish ma’lumotlaridagi pertubatsiyalarga yuqori sezgirligini bartaraf etishga qaratilgan regulyarlashtirilgan yechim konsepsiyasi ishlab chiqilgan. Tadqiqot doirasida aniq integral ifodalar keltirilgan, barqarorlik baholari amalga oshirilgan hamda yechimning yaqinlashuvchanligi va robustligini ta’minlovchi parametrlarni tanlash strategiyalari asoslab berilgan. 
Kalit so‘zlar: noto‘g‘ri qo‘yilgan masalalar, Koshi masalasini regulyarlashtirish, Gelmgolts tenglamasi, Karleman matritsasi, integral formula. 

Ill-posed problems are of great importance in mathematical physics, as they frequently occur in boundary value models of wave propagation and related fields. The Cauchy problem for the Helmholtz equation is a classical example, notable for its inherent instability and sensitivity to input data. Developing effective regularization techniques and analytical methods is therefore essential to ensure stable and accurate solutions in unbounded domains. The novelty of this research is the development of a new regularization strategy for the Cauchy problem of the Helmholtz equation using matrix factorization. The approach provides explicit integral representations and ensures stability against data perturbations. These results extend existing methods and contribute new tools for solving ill-posed problems in mathematical physics. Tikhonov [1] laid the foundations of ill-posed problem theory by introducing regularization methods. Cauchy's problem was later studied by Hadamard [2], who emphasized its mathematical complexity and applied significance. Further progress was made by Tarkhanov [3] in the study of elliptic equations and fundamental solutions. More recently, Juraev [4] and Juraev et al. [5] applied matrix factorization to the Helmholtz equation in unbounded domains, developing new tools for stability analysis and regularization. 
Let  be the three-dimensional real Euclidean space, 
 
 
	The set  represents an unbounded domain that is simply connected and has a boundary that is piecewise smooth. This boundary comprises the plane : where , along with a smooth surface , which is situated in the half-space defined by . Therefore, we can express the boundary of  as . 
Let us define the subsequent symbols and conventions: 
 
 transposed vector , 
 
 diagonal matrix, , 
 is an  dimensional matrix satisfying: 
 
in this context,  represents the Hermitian transpose of the matrix , where  is a real number in . The entries of the matrix  are defined as a collection of linear functions characterized by constant coefficients drawn from the complex numbers . 
Consider the first-order linear partial differential equations with constant coefficients 
                                (1)
in the region , where  is a first-order matrix differential operator. Define 
 
with  continuous on  and satisfying equation (1). 
Statement of the problem. Let  represent a continuous function defined on the domain . 
Suppose  and 
                           (2)
Our goal is to establish the function  within the region  based on its values provided on . 
We define  as the set of vector-valued functions derived from  that meet the following growth criteria: 
          (3)
	Let us denote the function  at  by the following equality: 
          (4)
Assuming , we can utilize the subsequent Cauchy-type integral formula 
                   (5)
where 
, 
 
here,  is the unit outward normal at ,  is the fundamental solution of the Helmholtz equation in  and  is its regular solution, including the case . 
The boundary of  consists of the plane  and a smooth unbounded surface  within , where , . The surface is given by 
, 
with , . We set 
. 
Assume that  and instead of  on  its continuous approximations  are given,respectively, with error , then 
                           (6)
We put 
              (7)
Theorem. Let  on the part of plane  satisfies in the condition 
                                (8)
Then the following estimates is true 
               (9)
      (10)
In this context,  represents the set of functions that remain bounded within compact subsets of the domain . 
Corollary 1. For every , the subsequent equalities hold true 
 
We denote  as 
 
		In this context,  represents a surface. It’s evident that the subset  is compact. It is important to recognize that the set  acts as a boundary layer in this context, similar to what is observed in singular perturbation theory, where uniform convergence is absent. 
Corollary 2. If , then the families of functions  and  exhibit uniform convergence as  approaches , specifically: 
 
Consequently, the functionals  and  determine the regularization of the solution of problems (1) and (2). 
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